Abstract This paper aims to describe the explicit dimension formulas for the cohomology groups of Heisenberg Lie superalgebras over algebraically closed fields of characteristic zero. 
Introduction
Cohomology is an important tool in modern mathematics and theoretical physics. Cartan and Eilenberg [2] gave a unifying treatment of the cohomology theory of groups, associative algebras and Lie algebras. Fuchs and Leites [3] calculated the cohomology groups of the classical Lie superalgebras with trivial coefficients. Scheunert and Zhang [8] investigated the cohomology groups of Lie superalgebras in the case where the module of coefficients is nontrivial. Su and Zhang [10] computed explicitly the first and second cohomology groups of the classical Lie superalgbras sl m|n and osp 2|2n with coefficients in the finite-dimensional irreducible modules and the Kac modules.
For the nilpotent Lie algebras, such as for Heisenberg Lie algebras, many conclusions on cohomology in the case of trivial coefficients have been established. Santharoubane [6] studied the cohomology of Heisenberg Lie algbras and gave a description of cocycles, coboundaries and cohomological spaces over fields of characteristic zero. Sköldberg [9] calculated the Betti numbers, which are the dimensions of the colomology groups for Heisenberg Lie algebras over fields of characteristic two. Cairns and Jambor [1] extended Sköldberg's results [9] to the case of arbitrary prime characteristic p by means of computing the Betti numbers and deduced Santharoubane's results [6] by means of choosing a sufficiently large prime p.
A Heisenberg Lie superalgebra is a two-step nilpotent Lie superalgebra with 1-dimensional center [5] . All Heisenberg Lie superalgebras split into two classes according to the parities of their centers: even or odd. In this paper we obtain the dimension formulas for the cohomology groups of Heisenberg Lie superalgebras over algebraically closed fields of characteristic zero.
Basics
Suppose V = V0 ⊕ V1 is a superspace. The symbol |v| always implies that v is a Z 2 -homogeneous element and |v| is the Z 2 -degree. If V is a Z-graded vector space, the symbol v implies that v is a Z-homogeneous element and v is the Z-degree of v. Denote by V * the linear dual of V and write superdimV = (dim V0, dim V1) for the super-dimension of V .
Let T (V ) = q∈Z T q (V ) be the tensor algebra of V . Then T (V ) is a Z × Z 2 -graded associative algebra with 1. Let J(V ) denote the two-sided ideal of T (V ) generated by the elements of the form
Then the quotient algebra∧
The algebra∧V with this super-structure is called the super-exterior algebra of V . The multiplication of∧V will be denoted by∧. For simplicity, we write y i for i y∧ · · ·∧y, where y ∈ V1 and 0 < i ∈ Z. In particular, we havē
Let ∧V0 be the usual exterior algebra of V0 and SV1 be the symmetric algebra of V1. Then both ∧V0 and SV1 are Z × Z 2 -graded subalgebras of∧V in the obvious fashion. On the superspace ∧V0 ⊗ SV1, we define a multiplication by
where µ, µ ′ ∈ ∧V0 and ν, ν ′ ∈ SV1. Then ∧V0 ⊗ SV1 becomes a Z × Z 2 -graded associative algebra, denoted by ∧V0 ⊗SV1. Clearly,
Note that " ⊗" is somewhat different from the usual graded tensor product "⊗" [7] . Further information can be found in [8] .
The cohomology of Lie superalgebras is defined in the well-known way (see [4, 8] ). Suppose q is an arbitrary integer. The superspace of q-cochains of a Lie superalgebra g with trivial coefficients is given by
The linear coboundary operator
is defined as follows: for ω ∈ (∧ q g) * and a i ∈ g, i = 0, . . . , q,
where the sign indicates that the element below it must be omitted. The q-cohomology groups of g with trivial coefficients are given by:
where
Recall that a Heisenberg Lie superalgebra is a two-step nilpotent Lie superalgebra with 1-dimensional center (see [5] ). Suppose 1 ≤ m, n ∈ Z. Write h m,n for the Heisenberg Lie superalgebra with 1-dimensional even center Fz, a Z 2 -homogeneous basis B = {z; x 1 , . . . , x n , x n+1 , . . . , x 2n | y 1 , . . . , y m } and the non-zero relations of basis elements:
Write h n for the Heisenberg Lie superalgebra with 1-dimensional odd center Fz, a Z 2 -homogeneous basis B = {x 1 , . . . , x n | y 1 , . . . , y n ; z} and the non-zero relations of basis elements:
Cohomologies
In this section, we establish some technical lemmas to simplify our considerations. Suppose V = V0 ⊕V1 is a superspace. We define the dual pairing of
where e i , x j = e i (x j ). When m = k = 0, for monomials o 1∧ · · ·∧o n ∈ S n V * 1 , y 1∧ · · ·∧y n ∈ S n V1, we define
where o i , y j = o i (y j ) and i = 1, . . . , n. Note that for any i, j = 1, . . . , n,
Thus we write o 1∧ · · ·∧o n , y 1∧ · · ·∧y n for all o 1∧ · · ·∧o n , y 1∧ · · ·∧y n i . Moreover, we define
The dual pairing is well-defined and is bilinear. Define φ :
The following conclusion holds.
Lemma 2.1. The dual pairing of∧ q V * on∧ q V is nondegenerate. In particular, φ is an isomorphism and |φ| =0.
, where m + n = q and i 1 + · · · + i s = n. View B * = {e 1 , · · · , e m , o 1 , · · · , o s } as a basis of a subspace of V * . Denote by B = {x 1 , · · · , x m , y 1 , · · · , y s } the dual basis of B * . Then we have
which implies that , is nondegenerate. Thus, φ is an isomorphism and |φ| = 0.
We call a linear mapping f :∧V −→∧V an exterior superderivation of∧V if
According to (2.1), an exterior superderivation of∧V is completely determined by its action on V . Thus, for a Lie superalgebra g, the mapping
can be extended to a unique exterior superderivation of∧g * with d = 1 and |d| =0, where f ∈ g * , a 1 , a 2 ∈ g. By a direct computation, we have: for ω ∈∧ q g * and a i ∈ g, i = 0, . . . , q, Moreover, we have d 2 = 0. We call d a differential in∧g * . Suppose q ∈ Z. Define
According to Lemma 2.1 and the definitions of d and d we obtain that
Moreover,
Remark 2.2. (1)
From the above discussion, in the sequel we substitute
(2) From (1.2), (1.3), (1.4) and (2.2), we have:
Thus, it is sufficient to compute the dimension of Z q (g). Now, we consider the dimension of the cohomology of the Heisenberg Lie superalgebra h n,m with even center. Define
to be the dual basis of B. Put V = V0 ⊕ V1, where V0 = span F {e 1 , . . . , e 2n } and
From the properties of the standard basis of H n,m , we havē
Proof. From the definition of d and the structure of H n,m we obtain that
By a direct computation, we have:
e n+i∧ e i − 2
By virtue of the properties of the standard basis of∧h * n,m , from (2.4) and (2.5), we obtain that if d(z * ∧ f ) = 0 then f = 0, which implies that z * ∧ H q−1 n ∩ Z q (h n,m ) = {0}. From (2.3), the conclusion holds.
Theorem 2.4. Let h n,m be the Heisenberg Lie superalgebra with even center. Then
Proof. From Remark 2.2 and Lemma 2.3, we have
By (1.5) and a standard computation the conclusion holds.
Then, we consider the dimension of the cohomology of the Heisenberg Lie superalgebra h n with odd center Fz. Define B * = {e 1 , . . . , e n | o 1 , . . . , o n ; z * } to be the dual basis of B. Put V = V0 ⊕ V1, where V0 = span F {e 1 , . . . , e n } and V1 = span F {o 1 , . . . , o n }. Let
From the properties of the standard basis of H n , we havē
Proof. It follows from (1.1) and a standard computation.
Lemma 2.6. Suppose α ∈ H q n . If α∧τ (n,l) = 0, then there exist β ∈ H q−2 n and λ ∈ F such that α = β∧τ (n,1) + δ q,n λe 1∧ · · ·∧e n .
Proof. Note that the conclusion is trivial for q ≤ 0 and so we assume that q ≥ 1. Use induction on n. When n = 1, we may assume that
Since α∧τ (1,l) = 0, we have µ = 0. Then α = λo q−2 1∧ τ (1,1) + δ 1,q λe 1 . Now, we may assume that n > 1. From Lemma 2.5 we know that
e n∧ τ (n,l) = e n∧ τ (n−1,l) .
n−1 and α 3 ∈ H q−2 n−1 . Note that |α 0 | = |α 1 | = |α| and |α 2 | = |α 3 | = |α| +1. The condition that α∧τ (n,l) = 0 implies that
α 1∧ e n∧ τ (n−1,l) = 0, (2.7)
From (2.7), we have α 1∧ τ (n−1,l) = 0. Applying the inductive hypothesis, we obtain that there exist β 1 ∈ H q−3 n−1 and λ ∈ F such that
From (2.8), we have:
By (2.6), (2.9) and (2.10), we have:
which implies that
The proof is complete.
To compute the dimension of Z q (h n ) ∩ H q−l n∧ (z * ) l , we consider the mapping
Clearly,
Proof. The result is obvious for t ≤ 0. Use induction on t and assume that t ≥ 1. When t = 1, for α ∈ Kerψ (1,n,l) ⊂ H 1 n , from Lemma 2.6, we obtain that α = δ 1,n λe 1 .
Then dim Kerψ (1,n,l) = δ 1,n . When t ≥ 2, note that e 1∧ · · ·∧e n ∈ Kerψ (n,n,l) for all l ≥ 1. Then from Lemmas 2.5, 2.6 and Equation (2.12), we have dim Kerψ (t,n,l) = dim Imψ (t−2,n,l) + δ t,n = dim H t−2 n − Kerψ (t−2,n,l) + δ t,n . The proof is complete. n + 2 q − 4i + 1 − p s n (p) + (n + 2)s n (q − 4i) + s n (q − 4i + 1) + δ q−4i+1,n + 2δ q−4i+2,n + δ q−4i+3,n .
Proof. From Remark 2.2, Lemma 2.7 and Equation (2.11), we have: Then the formula follows from (1.5) and a standard computation.
